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Dual-Stage Iterative Learning Control for MIMO
Mismatched System With Application

to Robots With Joint Elasticity
Wenjie Chen, Member, IEEE, and Masayoshi Tomizuka, Fellow, IEEE

Abstract— This paper discusses the tracking control problem
for a class of multi-input–multi-output mismatched systems,
where there are disturbances in different channels from the
control input and the real-time feedback signal is not the output
of interest. These mismatched issues make it difficult to achieve
high tracking performance for the output of interest. To address
this problem, two model-based iterative learning control (ILC)
algorithms, namely reference ILC and torque ILC, are designed
for different injection locations in the closed-loop system. An
ad hoc hybrid scheme is proposed to make transitions between
the two ILC stages for them to work properly at the same time.
The application to both single-joint and multi-joint robots with
joint elasticity are discussed with complete dynamic modeling
and state estimation method for desired learning, as well as the
extensive experimental validations on both systems.

Index Terms— Elastic joint, industrial robot, iterative learning
control (ILC), mismatched dynamics, multi-input, multi-output
(MIMO) system.

I. INTRODUCTION

IN INDUSTRIAL applications, the automated system (e.g.,
the robotic manipulator) is often required to repeatedly

perform a single task under the same operating conditions. If
the system repeatability is good, the trajectory tracking error
will become repetitive from one run to another. In this case,
the iterative learning control (ILC) scheme is well suited to
compensate for the repetitive tracking error [1], [2].

ILC is a data-driven methodology that iteratively uses
the data (e.g., error profile) from previous trails to update
the system inputs for the next iteration. Normally, the ILC
performs as an add-on feedforward controller in addition to the
existing real-time feedback controller, to further enhance the
performance over the standalone real-time feedback system.
Many variations of the ILC scheme have been studied for
various applications [1]. Most of them, however, are devel-
oped for the fundamental case where the system has direct
measurement of the output of interest for real-time feedback
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and does not have disturbances in the channels different from
the control input. Therefore, in mismatched systems where the
above scenario does not hold, the standard ILC performance
will be limited and in some cases the ILC convergence is hard
to guarantee.

The mismatched systems discussed in this paper are com-
mon in practical applications, e.g., the industrial robots with
indirect-drive joint mechanisms (joints with elasticity). The
modeling and control of this kind of robots was discussed in
[3], where the derived nonlinear dynamic model was shown to
be globally linearizable and could be controlled by nonlinear
state feedback based on a singular perturbation formulation of
the model. Several other feedback control approaches, such
as integrator backstepping [4], dynamic surface control [5],
and adaptive robust control [6], have also been developed
specifically to deal with the general mismatched systems.
Some efforts have been devoted to migrate these ideas to the
field of ILC to deal with the mismatched uncertainty iteratively
while exploiting the noncausal repetitiveness. A dual-stage
ILC approach was proposed in [7] to deal with robots with
joint elasticity. Similar to backstepping, the real-time measured
output (i.e., motor side state) is utilized in [7] as a hypothetical
input to control the output of interest (i.e., load side state).
As shown later in this paper, the convergence of this learning
process may be adversely affected by the mismatched dynam-
ics and thus the use of a high bandwidth Q filter to learn high-
frequency error may compromise stability. Other studies such
as [8] also reported the compromise on the tracking perfor-
mance they had to make for a better learning convergence. This
is especially the case when the system exhibits mismatched
uncertainties. Regarding this stability issue under uncertainty,
various robust approaches have been proposed [9], [10]. The
resulting algorithms are usually nontrivial and the performance
is normally compromised for a conservative robust controller.
In [10], the plant resonances had to be suppressed by feedback
compensation for the proposed method to improve the robust-
ness to high-frequency modeling errors. In [11], a model-based
ILC approach was developed for elastic robots to learn the
error component beyond the first resonant frequency. However,
this approach requires an accurate piecewise-linear model to
be identified and interpolated for each trajectory in advance,
which limits its application.

In our recent work [12], [13], a hybrid dual-stage model-
based ILC approach was proposed for a class of multi-input,
multi-output (MIMO) mismatched systems. The dual-stage
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ILC aims to push the learning algorithm to a higher band-
width while maintaining the fast model-based convergence
rate. In this paper, the systematic formulation and analysis
of the algorithm design, and more extensive applications to
both single-joint indirect drives and multi-joint robots with
joint elasticity will be presented, compared with our prior
work, which was more focused on the specific design for that
particular application presented therein.

This paper is organized as follows. The system model and
the basic controller structure are introduced first. Then two ILC
schemes are designed independently followed by an ad hoc
hybrid scheme to enable the two ILC schemes to execute
simultaneously. The application to a single-joint indirect drive
system is presented next to validate the effectiveness of the
proposed scheme. The parametric uncertainty and mismatched
dynamics such as various disturbances at different locations
of the system will be addressed. The proposed scheme is
also applied to multi-joint robotic systems. The robot dynamic
model formulation and the load side state estimation algorithm
will be presented as well. Then the experimental validation on
a six-joint industrial robot will be provided. The conclusions
of this paper are given at last.

II. SYSTEM OVERVIEW

A. System Model

Consider a MIMO mismatched system in the following
discrete time state-space form:

x( j + 1) = Ax( j) + Buu( j) + Bdd( j) (1)

y( j) = [
qT

m( j), qT
� ( j)

]T

= Cx( j) + Duu( j) + Dd d( j) (2)

where j is the time step index, x ∈ R
nx is the system state,

u ∈ R
nu is the control input, d ∈ R

nd is the lumped
disturbance, and qm ∈ R

nm and q� ∈ R
n� are the two

outputs of the plant.1 d is regarded as the mismatched uncer-
tainty/disturbance if it (or part of it) is applied to different
channels from the control input u (i.e., Bu �= αBd ,∀α ∈ R).
Note that, d can include the system nonlinearity for modeling
of a nonlinear system. Another mismatched assumption is that,
only part of the outputs (i.e., qm) is measured for real-time
feedback, even if the output of interest may be q�. However,
the measurement/estimate of q� may be obtained offline for
iteration-based applications. These assumptions are reasonable
as seen from the two applications later. Furthermore, besides
the unknown mismatched dynamics, it is assumed that para-
metric uncertainties exist in the available nominal model.

This system can be reformulated as

qm( j) = Pmu(z)u( j) + Pmd(z)d( j) (3)

q�( j) = P�u(z)u( j) + P�d (z)d( j) (4)

where Pmu, Pmd, P�u , and P�d are the transfer functions from u
or d to the corresponding output. For simplicity, the following
control scheme is formulated for the case where Pmu and P�u

are diagonal matrices. However, it may be possible to extend

1The utilization of the subscripts m (motor side) and � (load side) is to be
consistent with the later application studies.

Fig. 1. Control structure with reference and torque updates. Solid lines:
real-time signals. Dashed lines: signals for offline use. Subscript k: iteration
index. The reference input is qr,k and the corresponding plant output to be
controlled is qk . ek and ep,k are the tracking error and the model following
error used for iterative learning, which generate the reference and feedforward
torque updates, rq,k and τnl,k , respectively.

this paper to a more general case by considering the plant
inversion and commutative multiplication for the non-diagonal
matrices. Alternatively, we can also apply this diagonal for-
mulation to general MIMO systems by model decoupling.
As shown later in the multi-joint robot case (Section V), which
is a highly coupled nonlinear MIMO system, the dynamic
model is decoupled by grouping the coupling terms and the
nonlinear terms into the lumped disturbance d , thus resulting
in the diagonal formulation of (3) and (4).

B. Basic Controller Structure

Fig. 1 shows the control structure for this mismatched
system, where the subscript k is the iteration index. The
proposed control structure has two nested loops. The inner
loop (i.e., feedback controller C and feedforward torque signal
consisting of the linear component τln from F2 and the
nonlinear component τnl) uses the control input u to the
physical plant to achieve tracking of the measurable output qm .
The desired tracking of the output of interest q� is addressed
in the outer loop (i.e., feedforward reference controller F1
and feedforward reference signal rq ), which generates the
reference of the measurable output qmr as the control to the
inner loop. Here, C can be any linear feedback controller such
as a decoupled PID controller to stabilize the system. The
feedforward controllers, F1 and F2, are designed using the
nominal inverse model as

qmr,k( j) = P̂mu(z)P̂−1
�u (z)q�r,k( j) � F1(z)q�r,k( j) (5)

τln,k( j) = P̂−1
mu (z)

[
qmr,k( j) + rq,k( j)

]
� F2(z)q̄mr,k( j) (6)

where •̂ is the nominal model representation of •, q�r,k is
the plant reference output for q�,k , and rq,k and τnl,k are
used, respectively, as the additional reference and feedforward
torque updates generated iteratively by the dual-stage ILC
algorithm designed later.

III. DUAL-STAGE ILC SCHEME

A. ILC Basics

Some basics of the general ILC scheme are reviewed first,
which will be utilized in the subsequent ILC scheme design.
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Consider the MIMO system with the error dynamics and the
ILC law in the following form:

ēk( j) = −Peu(z)ūk( j) + r̄( j) (7)

ūk+1( j) = Q(z) [ūk( j) + L(z)ēk( j)] (8)

where ē is the error that the ILC scheme aims to reduce, r̄
is the lumped repetitive reference and/or disturbance input to
the system, and ū is the control input updated iteratively by
the ILC scheme using the filters L(z) and Q(z). Similar to [1]
and [14], the following convergence property holds.

Theorem 1: The ILC system (7), (8) is monotonically and
exponentially convergent in the sense that ‖ūk − ū∞‖p → 0
and ‖ēk − ē∞‖p → 0 as k → ∞, if

β = ‖Q(z) [I − L(z)Peu(z)]‖p < 1 (9)

where β is the rate of convergence, I is the identity matrix with
appropriate dimension, the p-norm ‖•‖p = (�i | •i |p)1/p , and

ū∞( j) = [I − Q(z) + Q(z)L(z)Peu(z)]−1 Q(z)L(z)r̄( j)
(10)

ē∞( j) = [I − Q(z) + Q(z)L(z)Peu(z)]−1 [I − Q(z)] r̄( j).
(11)

Proof: First, with (7) and (8), it is easy to see that

ūk+1( j) = Q(z) [I − L(z)Peu(z)] ūk( j) + Q(z)L(z)r̄( j)

which yields

‖ūk+1 − ū∞‖p = ‖Q(z) [I − L(z)Peu(z)] (ūk − ū∞)‖p

≤ ‖Q(z) [I − L(z)Peu(z)]‖p ‖ūk − ū∞‖p .

Therefore, if ‖Q(z) [I − L(z)Peu(z)]‖p < 1, ‖ūk − ū∞‖p →
0 as k → ∞. With (7), similar conclusion can be
drawn for the convergence of ēk . Note that the inverse
[I − Q(z) + Q(z)L(z)Peu(z)]−1 exists because ‖Q(z)[I−
L(z)Peu(z)]‖p < 1.

Equation (11) shows that the steady-state error ē∞ van-
ishes with complete learning (i.e., Q(z) = I ), which means
the effects on ē∞ from the repetitive input r̄ will be fully
compensated. The ILC law (8) implies that the Q filter can
also be used to shape the learning ability in the frequency
domain. To achieve better performance, it is desired to push
the bandwidth of Q(z) to be as high as possible. Equation (9),
however, shows that the bandwidth of Q(z) may have to be
compromised to ensure monotonic convergence and to avoid
poor transients in the learning process. In practice, a low-
pass filter Q(z) is typically employed to prevent the effects of
high-frequency model uncertainties from entering the learning
process [1]. Also, Q(z) should be unity gain at low frequencies
where complete learning is preferred to achieve zero steady-
state error. Because the ILC scheme is an offline iteration-
based method, acausal filtering can be utilized to obtain a
zero-phase learning response.

Given a fixed Q filter, the optimal learning filter to achieve
the fastest convergence is obtained as

L∗(z) = arg min
L(z)

‖Q(z) [I − L(z)Peu(z)]‖p . (12)

This leads to the plant inversion choice, i.e., L∗(z) = P−1
eu (z).

This model matching problem can be solved with many

optimization techniques, such as the H∞ synthesis [9], if the
model uncertainty bound is known. The designed Q(z) and
L(z) need to be validated using (9) with the knowledge of
system model uncertainty. As the actual plant dynamics Peu
is often not exactly known, a suboptimal learning filter is
chosen in this paper simply as the nominal model inverse
L∗(z) = P̂−1

eu (z).

B. ILC With Reference Update

Denote the sensitivity function of the closed-loop system
in Fig. 1 as Sp(z) = [I + C(z)Pmu(z)]−1. From (5), qmr,k is
related to qr,k (i.e., qmr,k or q�r,k) as follows:

qmr,k = P̂mu P̂−1
u qr,k (13)

where Pu can be either Pmu or P�u depending on the choice
of qr,k . The time index j for all signals and the discrete time
operator z for all transfer functions are omitted hereafter for
simplicity.

To reduce the tracking error ek = qr,k − qk , an ILC
scheme with reference update can be applied according to the
following lemma.

Lemma 1: If the reference trajectory qr,k , the feedforward
torque update2 τnl,k , and the disturbance dk are repetitive3

for each iteration, the tracking error ek will be monotonically
decreasing in the iteration domain by the ILC scheme

rq,k+1 = Qr (rq,k + L∗
r ek) (14)

L∗
r = P̂−1

u P̂mu (15)

as long as the convergence rate β∗
r satisfies

β∗
r = ∥

∥Qr (I − P̂−1
u Pu Sp Ŝ−1

p )
∥
∥∞ < 1. (16)

Proof: The system output qk (i.e., qm,k or q�,k) can be
derived as

qk = Puuk + Pd dk

= Pu Sp
[
(C+ P̂−1

mu )(qmr,k +rq,k)+τnl,k −C Pmddk
] + Pd dk

= P̂−1
mu Pu Sp Ŝ−1

p rq,k + Pu Sp

·
(

P̂−1
u Ŝ−1

p qr,k + τnl,k − C Pmddk

)
+ Pd dk (17)

where we have noted that C , Pmu, P�u , and their nominal
models (P̂mu and P̂�u) are diagonal. Similarly to Pu , Pd can
be either Pmd or P�d depending on the choice of qr,k . The

2This implies that the ILC with torque update (see the next section) is
inactivated. If the torque update is also activated, the repetitiveness assumption
may be invalid and we will need to use the hybrid scheme introduced later.

3The disturbance considered here includes external disturbances (such as the
friction force or the physical interaction with the environment) and fictitious
disturbances (such as model inaccuracy or unmodeled nonlinearity). These
components are normally repetitive if the reference trajectory is repetitive,
which is often the case in industrial applications where the tasks are performed
repeatedly. The initial state change or random noises could also be treated as
part of the disturbance. These parts are generally not repetitive and thus cannot
be compensated by the proposed ILC method. However, they will not affect
the performance much, since in most applications the magnitudes of the initial
state change and random noises are negligible compared with the magnitudes
of other major repetitive disturbance terms described above.
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corresponding tracking error ek is

ek = qr,k − qk

= −P̂−1
mu Pu Sp Ŝ−1

p rq,k + (I − Pu Sp P̂−1
u Ŝ−1

p )qr,k

−Pu Spτnl,k + (Pu SpC Pmd − Pd )dk

� −Peu,rrq,k + r̄r,k . (18)

Therefore, the tracking performance of the next iteration can
be improved by the ILC scheme with reference update (14)
(namely reference ILC (L) for ek = e�,k or reference ILC (M)
for ek = em,k), if the reference trajectory qr,k , the feedforward
torque update τnl,k , and the disturbance dk are repetitive for
each iteration. From Theorem 1, the monotonic convergence
of this ILC scheme (14) can be guaranteed if βr = ‖Qr (1 −
Lr P̂−1

mu Pu Sp Ŝ−1
p )‖∞ < 1. With the inversion of the nominal

model in (18) (i.e., P̂−1
eu,r = P̂−1

u P̂mu), the suboptimal learning
filter and the convergence rate are obtained as (15) and (16),
respectively.

Remark 1: With complete learning (i.e., Qr = I ), the trac-
king error e∞ vanishes when the convergence condition (16)
is met.

Remark 2: It is seen in (16) that, the model uncertainty
will greatly affect the convergence rate. To achieve fast con-
vergence rate without compromising the bandwidth of Qr , it
is desired to reduce the model uncertainties, i.e., P̂u ≈ Pu

and Ŝp ≈ Sp are desired. Since the sensitivity function Sp

is robust within the bandwidth, this objective can be achieved
by obtaining a nominal model P̂u more accurately representing
the actual physical plant. This will require a significant effort
for system identification and the resulting nominal model may
be high order or highly nonlinear, which is nontrivial for
control use.

In contrast, the same objective can be achieved by making
the inner plant (grey shaded area with dashed outlines in
Fig. 1) behave as the chosen nominal model P̂u . In the
following section, an ILC scheme with torque update is
introduced to accomplish this, i.e., making qk → P̂uμk , where
μk = τIn,k + τfb,k is the torque input to the inner plant.

C. ILC With Torque Update

Define ep,k as the model following error between the
nominal plant output (qp,k � P̂uμk) and the actual plant output
qk (q�,k or qm,k), i.e., ep,k = P̂uμk − qk � qp,k − qk , where
P̂u is P̂�u or P̂mu to match with the choice of qk . The ILC
scheme to reduce this model following error ep,k can be then
formulated as

τnl,k+1 = Qu(τnl,k + Luep,k). (19)

The corresponding ILC is termed as torque ILC (L) for ep,k =
P̂�uμk − q�,k or torque ILC (M) for ep,k = P̂muμk − qm,k .

Remark 3: As shown in Fig. 1, τnl,k is injected inside the
inner plant to cancel out the effects of model uncertainty
�P � Pu − P̂u and mismatched disturbance dk on qk .
The ideal τ ∗

nl,k to achieve this objective can be derived as

P̂uμk = Pu(μk + τ ∗
nl,k) + Pd dk

⇒ τ ∗
nl,k = −P−1

u (�Pμk + Pddk). (20)

In the mismatched systems, the two objectives, following P̂mu
[i.e., torque ILC (M)] and following P̂�u [i.e., torque ILC (L)],
cannot be attained simultaneously (i.e., τ ∗

nl,mk �= τ ∗
nl,�k), since

P−1
mu Pmd �= P−1

�u P�d and P−1
mu �Pm �= P−1

�u �P� in general.
Thus, at this stage in view of (16), it is desired to select the
nominal model to match with the chosen one in the reference
ILC stage.

1) Convergence of Model Following Error:
Lemma 2: If the reference trajectory qmr,k , the reference

update4 rq,k , and the disturbance dk remain the same for each
iteration, the model following error ep,k will be monotonically
decreasing over iteration by the torque ILC scheme (19) if

Lu = L∗
u = P̂−1

u (21)

β∗
u = ∥

∥Qu
(
I − Pu P̂−1

u

)
Sp

∥
∥∞ < 1. (22)

Proof: The input–output equation of the nominal plant
can be derived as

qp,k � P̂uμk

= P̂u Sp
[
(C + P̂−1

mu )(qmr,k + rq,k)

−C Pmuτnl,k − C Pmddk
]
. (23)

Then from (17) and (23), the model following error ep,k

becomes:

ep,k = qp,k − qk

= −Tu Spτnl,k − �PSp(C + P̂−1
mu )

·(qmr,k + rq,k) + (�PSpC Pmd − Pd )dk

� −Peu,uτnl,k + r̄u,k (24)

where Tu = P̂uC Pmu + Pu .
Therefore, if the reference trajectory qmr,k , the reference

update rq,k , and the disturbance dk remain the same for each
iteration, by Theorem 1, the torque ILC scheme (19) will be
monotonically converging if βu = ‖Qu

(
I − Lu Tu Sp

) ‖∞ <1.
Using the nominal plant inversion P̂−1

eu,u = Ŝ−1
p T̂ −1

u = P̂−1
u ,

the suboptimal choice of Lu and the convergence rate βu

become (21) and (22), respectively.
Remark 4: With complete learning (i.e., Qu = I ), the inner

plant behaves like the nominal model as the model following
error ep,∞ → 0 when the convergence condition (22) is met.

2) Convergence of Tracking Error:
Lemma 3: If qr,k , rq,k , and dk do not vary from one iteration

to another, the tracking error ek will converge monotonically
with the rate of βe ≤ ‖Pu T −1

u ‖∞βu as long as the model
following error ep,k converges and Pu T −1

u is bounded-input
bounded-output (BIBO) stable.

Proof: Using (18) and (24), the tracking error ek can be
derived as

ek = Pu T −1
u

[
ep,k + P̂muC

(
P−1

u Pmu P̂u P̂−1
mu − I

)
qr,k

−(
P̂−1

mu +C
)
P̂urq,k +C P̂u

(
Pmd− Pd Pmu P−1

u

)
dk

]
.

(25)

Thus, the conclusion in the lemma is obtained.

4This implies that the ILC with reference update is inactivated. If the
reference update is also activated, the repetitiveness assumption may be invalid
and we will need to use the hybrid scheme introduced later.



1354 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 22, NO. 4, JULY 2014

Remark 5: For torque ILC (M) (i.e., Pu = Pmu and Pd =
Pmd), P−1

u Pmu P̂u P̂−1
mu − I = 0, and Pmd − Pd Pmu P−1

u = 0,
which further reduces (25) to

ek = Pu T −1
u

[
ep,k − (P̂−1

mu + C)P̂urq,k
]
. (26)

Thus if rq,k = 0 (i.e., the reference ILC is not activated at
all), ek → 0 as ep,k vanishes.

Remark 6: For torque ILC (L) (i.e., Pu = P�u and Pd =
P�d ), even if rq,k = 0 and ep,k vanishes, ek → 0 is
not necessarily true due to the mismatched behavior. The
remaining tracking error e∞ is

e∞ = Pu T −1
u

[
P̂muC

(
P−1

u Pmu P̂u P̂−1
mu − I

)
qr,∞ − (P̂−1

mu +C)

×P̂urq,∞+C P̂u(Pmd− Pd Pmu P−1
u )d∞

]

� −Peu,urrq,∞ + r̄ur,∞ (27)

which can be further eliminated through the reference ILC
using L∗

r = P̂−1
eu,ur = P̂−1

u P̂mu, and this matches with (15).

D. Hybrid Scheme With Dual-Stage ILC

In general, for the closed-loop system with a satisfactory
feedback controller, the sensitivity function Sp will behave as a
high-pass filter to mitigate the low-frequency error. Therefore,
in the convergence condition (22), the low-frequency model
uncertainty is greatly suppressed by Sp . This allows Qu

to have higher bandwidth without worrying about the low-
frequency uncertainty. Then with the effects of the torque
ILC, the inner plant will behave like the nominal model (i.e.,
qk → P̂uμk) up to the bandwidth of Qu . Within this frequency
range, the convergence condition of the reference ILC (16) is
simplified to

βr ≈
∥
∥
∥Qr

(
I − Sp Ŝ−1

p

)∥
∥
∥∞ < 1 (28)

which allows to push Qr to a higher bandwidth for better
tracking performance.

Note that the repetitive assumption is used in the derivation
of the aforementioned two ILC schemes. When these two ILC
schemes are activated simultaneously, the repetitive assump-
tion will be no longer valid (i.e., rq,k and τnl,k are not repetitive
from one iteration to another). This may introduce the adverse
interference of the two ILC stages. Therefore, an ad hoc hybrid
scheme is designed to address this problem. Specifically, an
iteration-varying gain is applied to each ILC stage as follows:

τnl,k+1 = Qu
(
τnl,k + γu,k Luep,k

)
(29)

rq,k+1 = Qr (rq,k + γr,k Lr ek). (30)

where the two gains γu,k and γr,k can be tuned by trial and
error. The basic idea behind is that the torque ILC needs to
take more effect whenever the model following error becomes
larger in the previous iteration (e.g., ‖ei

p,k‖2/‖ei
p,1‖2 increases,

or ‖ei
p,k‖2/‖ei

p,k−1‖2 is greater than 1, where ‖•i ‖p is the p-
norm of the i -th component of •( j) along the time index j ).
For the better performance of torque ILC, the effect of the
reference ILC is accordingly attenuated with a decreased γr,k .
In contrast, once the model following error is sufficiently small
(i.e., the inner plant behaves as the nominal model) or becomes

Fig. 2. Single-joint indirect drive system setup.

stable from the previous iteration, the torque ILC becomes
unnecessary and the reference ILC can be fully activated.

Remark 7: The proposed hybrid scheme aims to deal with
the mismatched dynamics by improving the performance
bandwidth of the ILC without compromising the stability.
Equation (26) indicates that, for the application of tracking
qm , the reference ILC is not necessary and the torque ILC (M)
with P̂u = P̂mu will be sufficient. To track q�, however, the
aforementioned hybrid dual-stage ILC scheme with P̂u = P̂�u

will be necessary.
Remark 8: It is understood that the nominal models used

in two ILC stages should match with each other due to the
mismatched dynamics. This means that these two stages need
to be both load side learning or both motor side learning,
but not learning on the two sides together, since the nominal
behaviors of load side and motor side cannot be achieved
simultaneously due to the mismatched dynamics. This will
be demonstrated in the following application study, where the
algorithm validation will focus on the case of tracking q� to
test the effectiveness of the hybrid dual-stage ILC scheme.

Remark 9: As mentioned above, the ILC performs as an
add-on feedforward controller in addition to the existing real-
time feedback controller, which can be designed in many
forms including adaptive and/or robust controllers. While
the ILC provides the superior performance to deal with the
predominant repetitive disturbance in the repetitive applica-
tions, the feedback controller is also necessary to deal with
unexpected disturbances.

IV. APPLICATION TO SINGLE-JOINT

INDIRECT DRIVE SYSTEMS

The mismatched systems described in this paper are com-
mon in practice. One simple example is the single-joint
indirect drive system shown in Fig. 2, where the motor is
used to indirectly control the motion of the load subject to
mismatched disturbances/uncertainties as stated later.

A. Dynamic Model

As shown by the schematic diagram in Fig. 2, the subscripts
m and � denote the motor side and the load side quantities,
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respectively. θ represents the angular position and J is the
moment of inertia. u is the motor torque input. dm and d�

represent the viscous damping coefficients at the motor side
and the load side, respectively. k j and d j are the stiffness
and the damping coefficients of the reducer. The gear ratio
of the reducer is denoted by N . fmc and f�c represent
the nonlinear Coulomb frictions at the motor side and the
load side, respectively. dfm and d f � represent the additional
repetitive disturbances at the motor side and the load side,
respectively. θ̃ is the transmission error of the harmonic drive,
which is defined as the deviation between the expected reducer
output position and the actual reducer output position. It can be
approximated with a simple sinusoid as θ̃ = A sin(2θ̇mt + φ),
where A is the amplitude of the transmission error, φ is
the phase, and the frequency is two times the motor side
velocity [15].

The dynamic model for this setup can be formulated
as

Jm θ̈m + dm θ̇m = − 1

N

[
k j

(
θm

N
− θ�

)
+ d j

(
θ̇m

N
− θ̇�

)]

+ u + d1 (31)

J�θ̈� + d�θ̇� = k j

(
θm

N
− θ�

)
+d j

(
θ̇m

N
− θ̇�

)
+ d2 (32)

where

d1 = dfm − fmcsgn(θ̇m) + 1

N

(
k j θ̃ + d j

˙̃θ
)

d2 = d f � − f�csgn(θ̇�) −
(

k j θ̃ + d j
˙̃θ
)

.

Therefore, the above indirect drive model can be considered
as a mismatched system described in (3) and (4) with the
disturbance d = [d1 d2]T. The two outputs qm and q�

are the motor side position θm and the load side position
θ�, respectively. Note that d1 and d2 are state-dependent
disturbance terms, and thus d is repetitive if qm and q� are
repetitive. If the stability of the feedback system is preserved,
the goal of the feedforward control is to cancel d1 and d2
that would correspond to the reference trajectories. The con-
tinuous time transfer functions from the inputs to the outputs
become

Pmu(s) = J�s2 + (d j + d�)s + k j

Jm J�s4 + Jds3 + Jks2 + k j (dm + d�/N2)s

P�u(s) = d j s + k j

N
[
Jm J�s4 + Jd s3 + Jks2 + k j (dm + d�/N2)s

]

Pmd2(s) = d j s + k j

N
[
Jm J�s4 + Jd s3 + Jks2 + k j (dm + d�/N2)s

]

P�d2(s) = Jms2 + (d j/N2 + dm)s + k j/N2

Jm J�s4 + Jds3 + Jks2 + k j (dm + d�/N2)s

Pmd(s) = [
Pmu(s) Pmd2(s)

]
, P�d(s) = [

P�u(s) P�d2(s)
]

where

Jd = Jm(d j + d�) + J�

(
d j

N2 + dm

)

Jk = Jmk j + J�k j

N2 + (d j + d�)dm + d j d�

N2 .

Fig. 3. Load side disturbance setup for a single-joint system.

B. Experimental Setup and System Disturbances

The proposed method is validated on a typical single-joint
indirect drive robot testbed shown in Fig. 2. This experi-
mental setup consists of: 1) a servo motor with a 20 000
counts/revolution encoder; 2) a harmonic drive with a 80:1
gear ratio; 3) a load side 144 000 counts/revolution encoder;
and 4) a payload. The antiresonant and resonant frequencies
of the setup are approximately 11 and 19 Hz. It is assumed
that the load side encoder measurement is only available for
iteration-based offline use rather than for real-time feedback
use. Finally, the algorithms are implemented using a 1 kHz
sampling rate in a LabVIEW real-time target installed with
LabVIEW Real-Time and FPGA modules.

In this setup, the identified Coulomb friction combined at
the motor side (i.e., fmc + f�c/N2) is about 0.1004 N·m.
A fictitious torque is added in the motor torque command
to simulate the external disturbance dfm at the motor side.
In the following experiments, dfm is set as a 1 Hz sinusoid
starting from 3 s with an amplitude of 0.2 N·m, i.e., dfm =
0.2 sin(2π(t − 3))h(t − 3) N·m, where h(t − 3) is a Heaviside
step function. The repetitive external disturbance d f � at the
load side is generated using the setup shown in Fig. 3. It is
designed to have the extension springs apply a maximum
disturbance of approximately 20 N·m at the load side when
the payload hits the ball and continues rotating for about 14°.

The motor side feedback controller C designed for this setup
has a resonant frequency at about 11 Hz for the velocity loop.
This corresponds to about 1 rad/s at the load side. Therefore, to
amplify the transmission error effects, the load side reference
trajectory is designed to have a speed of 0.5 rad/s for most
time so that the resulting transmission error frequency will
coincide with the resonant frequency of the velocity loop. The
resulting trajectory is shown in Fig. 4, which is designed as a
fourth-order time optimal trajectory suggested in [16].

The effects of these different kinds of disturbances on
the load side tracking performance with the basic controller
structure (i.e., C , F1, and F2 in Fig. 1) are shown in Fig. 5.
The four sharp peak errors corresponding to the four peak
accelerations/decelerations in Fig. 4 are due to the model
uncertainty in the model-based feedforward controller F2. The
oscillatory error at about 0.5–2 s and 2.5–4 s is resulted from
the transmission error [15] at high (constant) speeds. The bump
shape error at about 1.5–2.5 s is due to the interaction torque
d f � from the load side disturbance setup, while the artificial
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Fig. 4. Load side reference trajectory.

Fig. 5. Disturbance effects on load side position tracking error.

motor side disturbance dfm results in the sinusoidal shape error
from 3 s. The Coulomb friction causes the offset in the tracking
error.

C. Algorithm Setup

The zero-phase acausal low-pass filters Qr and Qu are
obtained as Qr (z) = Qu(z) = Q1(z−1)Q1(z), where Q1(z)
is a low-pass filter with a cutoff frequency of 30 Hz, which is
beyond the system elastic antiresonant and resonant frequen-
cies. With this selection of Qr (z) and Qu(z), the frequency
responses of βr in (16) and βu in (22) with ±50% parametric
uncertainties are plotted in Fig. 6 to verify the monotonic
stability condition.

Fig. 6 shows that, using either motor side model or load
side model, the magnitudes of βr and βu are always below 0
dB showing βr < 1 and βu < 1. Therefore, the monotonic
stabilities (16) and (22) are ensured separately for both ILC
schemes.

The two iteration varying gains in the hybrid dual-stage ILC
scheme are tuned as

γu,k = min

(
4
‖ep,k‖2

‖ep,1‖2
, 1

)
(33a)

γr,k = 1 − 1

2
γu,k (33b)

which follows the basic idea described in Section III-D.

Fig. 6. Frequency responses of βr and βu with ±50% parametric uncertain-
ties.

Now consider the dual-stage approach proposed in [7].
It can be shown that, the approach in [7] with plant inversion
learning filters can be reformulated similarly as the reference
ILC (L) with P̂u = P̂�u plus the torque ILC (M) with
P̂u = P̂mu in this paper. This means that the dual-stage ILC
scheme is performed with mismatched nominal models. As
expected, this will not help to attenuate the model uncertainty
but instead may even deteriorate the ILC convergence perfor-
mance. To see this, the tracking performances in the following
experiments are compared in three controller settings.

1) RefILC(L): Reference ILC only using load side learning,
i.e., P̂u(s) = P̂�u(s), γr,k ≡ 1, and γu,k ≡ 0.

2) RefILC(L)+TrqILC(M): Reference ILC using load side
learning plus torque ILC using motor side learning, i.e.,
P̂u(s) = P̂�u(s) for reference ILC and P̂u(s) = P̂mu(s)
for torque ILC. γr,k and γu,k are updated as in (33).

3) RefILC(L)+TrqILC(L): Reference ILC plus torque ILC
both using load side learning, i.e., P̂u(s) = P̂�u(s) for
both reference ILC and torque ILC. γr,k and γu,k are
updated as in (33)

where the continuous-time transfer functions are discretized by
zero-order-hold method for the discrete-time signal processing.

D. Experimental Results

Each controller setting is implemented to track the load
side reference trajectory in Fig. 4 for 10 iterations. First,
the nominal model with accurately identified system dynamic
parameters is used in the controller design. With an accurate
nominal model, it is expected that the three controller settings
will perform equally well since β∗

r ≈ 0 in (16). As shown
in Fig. 7, the load side position tracking errors for these three
settings are all significantly reduced to almost the level of load
side encoder resolution.
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Fig. 7. Performance comparisons using accurate nominal model (after
10 iterations).

Fig. 8. Performance comparisons using nominal model with 15% paramet-
ric uncertainties (after 10 iterations). (a) Convergence of maximum model
following error. (b) Load side position tracking error.

Next the three controller settings are compared using the
nominal model with 15% uncertainty in the dynamic parame-
ters. Normally, with larger model uncertainties, the cut off
frequencies of Q filters need to be reduced to ensure the
convergence of the learning process. Here, the Q filters are
kept the same as the previous case to verify the benefits of the
proposed scheme. Fig. 8 shows that the torque ILC performs
very well once it is activated. No matter which nominal model
is chosen to follow, the model following errors is greatly

reduced with fast convergence rate. For the load side tracking
performance, however, more differences are expected. It is
shown in Fig. 8 that, due to the model uncertainty, the setting
RefILC(L) does not perform as well as before. The setting
RefILC(L) + TrqILC(M) actually deteriorates the performance
because TrqILC(M) is intended to make the inner plant match
with the motor side nominal model while the load side behav-
ior may actually deviate further from its nominal behavior. In
contrast, the setting RefILC(L) + TrqILC(L) performs the best
since it intends to make the inner plant behave as the load
side nominal model and thus greatly releases the uncertainty
burden on the reference ILC.

V. APPLICATION TO MULTI-JOINT ROBOTS

WITH JOINT ELASTICITY

A more common example of the mismatched systems
in industrial applications is an n-joint robot manipulator
with gear compliance. Such robot can be considered as a
system of n indirect drive trains connected in series resulting
in a more complex mismatched dynamics. Normally, the
robot is equipped with motor side encoders to provide direct
measurements of motor side joint positions and velocities
for real-time feedback, while the direct load side sensing at
the joint is not available due to cost and assembly issues.
However, it is relatively easy and beneficial [17] to have a
three-axial accelerometer mounted at the robot end-effector
to measure the end-effector acceleration in Cartesian space.
This measurement can be further utilized offline to estimate
the load side state information.

A. Robot Dynamic Model

1) Lagrangian Dynamics: The dynamics of the n-joint
robot with joint compliance can be formulated as [3], [18]

M�(q�)q̈� + C(q�, q̇�)q̇� + G(q�) + D�q̇� + F�csgn(q̇�)

+J T(q�) fext = K J
(
N−1qm −q�

)+DJ
(
N−1q̇m − q̇�

)
(34)

Mmq̈m + Dmq̇m + Fmcsgn(q̇m) = τm

− N−1[K J
(
N−1qm − q�

) + DJ
(
N−1 q̇m − q̇�

)]
(35)

where q�, qm ∈ R
n are the load side and the motor side posi-

tion vectors, respectively, τm ∈ R
n is the motor torque vector,

M�(q�) ∈ R
n×n is the load side inertia matrix, C(q�, q̇�) ∈

R
n×n is the Coriolis and centrifugal force matrix, and G(q�) ∈

R
n is the gravity vector. Mm , K J , DJ , D�, Dm , F�c, Fmc, and

N ∈ R
n×n are all diagonal matrices. The (i, i)-th elements of

these matrices, Mmi , K J i , DJ i , D�i , Dmi , F�ci , Fmci , and Ni ,
represent the motor side inertia, joint stiffness, joint damping,
load side damping, motor side damping, load side Coulomb
friction, motor side Coulomb friction, and gear ratio of the
i -th joint, respectively. fext ∈ R

6 denotes the external force
acting on the robot due to contact with the environment. The
matrix J (q�) ∈ R

6×n is the Jacobian matrix mapping from the
load side joint space to the end-effector Cartesian space.

2) Decoupling Model: Define the nominal load side inertia
matrix as Mn = diag(Mn1, Mn2, . . . , Mnn) ∈ R

n×n , where
Mni = M�,ii (q�0), and M�,ii (q�0) is the (i, i)-th element of
the inertia matrix M�(q�0) at the home (or nominal) position
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q�0. Mn can be used to approximate the inertia matrix M�(q�).
The off-diagonal entries of M�(q�) represent the coupling
inertia between the joints. Then, the robot dynamic model can
be reformulated as follows:

Mm q̈m +Dmq̇m = u+dm(q) − N−1[K J
(
N−1qm −q�

)

+ DJ
(
N−1q̇m −q̇�

)]
(36a)

Mnq̈� + D�q̇� = d�(q) + K J
(
N−1qm − q�

)

+ DJ
(
N−1q̇m − q̇�

)
(36b)

where u = τm and dm(q) = −Fmcsgn(q̇m). All other coupling
and nonlinear terms, such as Coriolis force, gravity, Coulomb
frictions, and external forces, are grouped into a fictitious
disturbance torque d�(q) ∈ R

n as

d�(q) = [
Mn M−1

� (q�) − In
]

×[
K J

(
N−1qm − q�

) + DJ
(
N−1 q̇m − q̇�

) − D�q̇�

]

−Mn M−1
� (q�)

×[
C(q�, q̇�)q̇�+G(q�)+F�csgn(q̇�)+J T(q�) fext

]
(37)

where q = [qT
m, qT

� ]T and In is an n × n identity matrix.
Thus, the robot can be considered as a MIMO system with

2n inputs and 2n outputs as in (3) and (4) with the fictitious
disturbance input d( j) defined as

d( j) = d(q( j)) = [[dm(q( j))]T, [d�(q( j))]T
]T

. (38)

Then similar to the single-joint case, the continuous time
transfer functions from the inputs to the outputs for each joint
can be derived from (36).

B. Robot Controller Structure

It is seen that the robot dynamic model (36) is in a decou-
pled form since all the variables are expressed in the diagonal
matrix form or vector form. Therefore, the robot controller
can be implemented in a decentralized form for each individual
joint. Note that the MIMO linear system representation (3), (4)
is obtained not through local linearization but by considering
the fictitious disturbance d as an input that includes the model
uncertainties and nonlinearities as well as coupling dynamics.
The second component of the fictitious disturbance d in (38)
influences the output in a different way from the motor torque
input u. Thus this robot system is regarded as a MIMO
mismatched dynamic system.

The controller structure to compensate for this fictitious
disturbance d follows the one shown in Fig. 1 and (5) and
(6). The initialization of the two feedforward updates for the
first experiment iteration (i.e., initial run) is designed using
nominal model as follows:

rq,1 = N K̂ −1
J (τ̂�r − M̂nq̈�r − D̂�q̇�r ) (39)

τnl,1 = τff,1 − τln,1 (40)

where the overall nominal feedforward torque τff,1 is
computed by

τff,1 = τ̂mr,1 + N−1 τ̂�r (41)

τ̂�r = M̂�(q�r )q̈�r + Ĉ(q�r , q̇�r )q̇�r + Ĝ(q�r) + D̂�q̇�r

+F̂�csgn(q̇�r ) + J T(q�r) fext,r (42)

τ̂mr,1 = M̂m ¯̈qmr,1 + D̂m ¯̇qmr,1 + F̂mcsgn( ¯̇qmr,1). (43)

Remark 10: Note that (41)–(43) are obtained from
(34) and (35) using the nominal model representations. With
this nominal torque calculation, rq,1 in (39) aims to account for
the joint torsion resulted from the nominal nonlinear reference
torque at the load side.

From (40) and Fig. 1, it is seen that the overall nominal
feedforward torque τff,1 is divided into two parts. The non-
linear part τnl,1 is injected inside the inner plant to reduce
model uncertainties and to make the inner plant behave as the
chosen nominal linear model. With this in mind, the linear
feedforward torque τln,1, computed by (6) using the nominal
linear model, can be injected outside the inner plant to achieve
the nominal performance.

C. Hybrid Scheme for Dual-Stage ILC

With the above model formulation, the dual-stage ILC
scheme (29) and (30) can be implemented. However, because
of the sensor configuration, the load side joint position
can only be estimated rather than the actual encoder clean
measurement as in the single-joint setup. In this non-ideal
sensing case, the plant inversion in (21) usually encounters
numerical difficulty since the relative orders of P�u(s) and
Pmu(s) are 3 and 2, respectively. Thus it is more favorable
to choose Pu(s) = P�u(s)s2 or Pu(s) = Pmu(s)s, both of
which have lower relative orders. The corresponding desired
learning information for this new choice of Pu is the load
side acceleration q̈�,k or the motor side velocity q̇m,k , which
is available with the assumed sensor configuration (i.e., end-
effector accelerometer and motor encoders). By similar deriva-
tion, the torque ILC scheme with these changes can still be
obtained exactly the same as in Section III-C, and achieves
the same objective, i.e., making the inner plant behave as the
chosen nominal model. Another benefit of this modification is
that the torque ILC will be effective for vibration suppression,
while the reference ILC achieves the position error reduction.
Thus, in the practical implementation such as the following
experimental study, these changes will be applied to the torque
ILC scheme to avoid numerical instability.

Similar to the single-joint case, the disturbance d is state
dependent, and is repetitive only if the robot state q is repeti-
tive. Since the robot basic performance should be already close
to satisfactory, the tiny changes of q around the reference state
qr in each iteration normally will not result in drastic change
in dk (i.e., the repetitiveness of dk can be approximated).
However, the interference between the two ILC stages still
requires the hybrid scheme (29), (30) to be implemented. More
specifically, the two gains γ i

u,k and γ i
r,k for the i -th joint are

tuned by trial and error

γ i
u,k = max

(

0.2, min

(
6

γ i
u,k−1

∣∣
∣
∣
∣

‖ei
p,k‖2

‖ei
p,k−1‖2

− 1

∣∣
∣
∣
∣
, 1

))

(44a)

γ i
r,k =

(
1 − 0.8γ i

u,k

)
· min

(

2 · ‖ei
k‖∞

‖ei
1‖∞

, 1

)

(44b)

with the initialization as γ i
u,1 = 1, γ i

r,1 = 0.2. In addition to
the tradeoff between the torque ILC and the reference ILC as
discussed in Section III-D, two other considerations are taken
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here. First, if the maximum tracking error is sufficiently small
(i.e., ‖ei

k‖∞/‖ei
1‖∞ ≈ 0), the reference ILC becomes less

necessary. Thus, the gain γ i
r,k is accordingly decreased. On the

other hand, to maintain the basic convergence rate, the gain
γ i

u,k for the torque ILC is constrained to be within [0.2, 1] as
shown in (44). Note that these two gains may not be optimal
and can be improved at a cost of complexity if we further
consider the coupling effects between the joints. However, this
consideration may not be necessary. In the experiments, we
have shown that (44) is able to perform well for a number of
trajectories with this relatively simple form.

D. Robot Load Side State Estimation

As mentioned above, the required load side joint infor-
mation (i.e., q�,k and q̈�,k) for load side learning cannot be
measured directly. Therefore, it is desired to retrieve this
information from the available sensing, i.e., by fusing the
measured end-effector acceleration with the motor encoder
measurements. This estimation problem is addressed here by
utilizing the scheme developed in [17].

With the robot dynamic model (35), the load side joint
position q� can be roughly estimated as

q̂o
� =(D̂J s+ K̂ J )−1

[
K̂ J N−1qm + D̂J N−1 q̇m − N

×
(
τm − M̂m ˆ̈qm − D̂mq̇m − F̂mcsgn(q̇m)

)]

(45)

where qm and q̇m are obtained from motor encoder mea-
surements, and τm can be either motor torque command or
measured by motor current. The reference trajectory q̈mr is
used instead of ˆ̈qm in (45) as approximation. Furthermore, with
Euler differentiation of q̂o

� , the rough estimate of the load side
joint velocity, ˆ̇qo

� , is obtained.
The optimal load side joint acceleration estimate is then

obtained by solving the following least squares problem:

min
ˆ̈q�( j )

f ( ˆ̈q�( j)) = 1

2

∥
∥
∥
∥∥
∥

j∑

i=0

ˆ̈q�(i)�t − ˆ̇qo
� ( j)

∥
∥
∥
∥∥
∥

2

2

s.t. J̄ (q�( j)) ˆ̈q�( j) = p̈e( j) − ¯̇J (q�( j), q̇�( j))q̇�( j) (46)

where J̄(q�) and ¯̇J (q�) are the first three rows of the cor-
responding Jacobian matrices J (q�) and J̇(q�), respectively,
�t is the sampling time, and p̈e is the computed acceleration
measurements in the world coordinates with gravity removed.
The closed-form solution of this optimization problem is
documented in [17]. Then the refinement of the joint space
position estimate q̂� can be obtained through the decoupled
kinematic Kalman filter for each joint, using expectation-
maximization (EM) for the covariance adaptation (see [17]
for details).

E. Experimental Study

1) Test Setup: The proposed method is implemented on
a six-joint industrial robot, FANUC M-16iB/20 (Fig. 9), for
end-effector position tracking and vibration reduction. The
robot is equipped with built-in motor encoders for each joint.

Fig. 9. FANUC M-16iB robot system.

An inertia sensor (Analog Devices, ADIS16400) containing
a three-axial accelerometer is attached to the end-effector.
The 3-D position measurement system, CompuGauge 3D
(repeatability of 0.02 mm, accuracy of 0.15 mm, resolution of
0.01 mm), is used to measure the end-effector tool center point
(TCP) position as a ground truth for performance validation.
The sampling rates of all the sensor signals and the real-time
controller implemented through MATLAB xPC Target are set
to 1 kHz. System identification experiments are conducted for
each individual joint at several different postures to obtain the
nominal dynamic parameters in the dynamic model (36).

2) Algorithm Setup: The zero-phase acausal low-pass filters
Qr and Qu are obtained as Qr (z) = Qu(z) = Q1(z−1)Q1(z),
where Q1(z) is a diagonal matrix of low-pass filters with
cutoff frequencies beyond the identified first elastic antires-
onant frequency of the corresponding joint to deal with the
joint elasticity. With this selection of Qr (z) and Qu(z), the
frequency responses of βr in (16) and βu in (22) using load
side inertia variations among the workspace are checked to
verify the monotonic stability conditions.

To see the superiority of proposed methods (i.e., hybrid
dual-stage scheme versus single stage scheme, load side learn-
ing versus motor side learning), the tracking performances in
the experiments are compared in the four controller settings
implemented for 10 iterations each as follows.

1) RefILC(L): Reference ILC only using load side learning,
i.e., P̂u(s) = P̂�u(s), γr,k ≡ 1, and γu,k ≡ 0.

2) TrqILC(L): Torque ILC only using load side learning,
i.e., P̂u(s) = P̂�u(s)s2, γr,k ≡ 0, and γu,k ≡ 1.

3) RefILC(L)+TrqILC(L): Reference ILC plus torque ILC
using load side learning, i.e., P̂u(s) = P̂�u(s) for
reference ILC and P̂u(s) = P̂�u(s)s2 for torque ILC.
γr,k and γu,k are updated as in (44).

4) RefILC(M)+TrqILC(M): Reference ILC plus torque ILC
using motor side learning, i.e., P̂u(s) = P̂mu(s) for
reference ILC and P̂u(s) = P̂mu(s)s for torque ILC.
γr,k and γu,k are updated as in (44)

where the continuous-time transfer functions are discretized by
zero-order-hold method for the discrete-time signal processing.

3) Experimental Results: The testing TCP trajectory
(Fig. 10) is a 10 cm × 10 cm square path on the Y–Z
plane with fixed orientation, maximum velocity of 1 m/s,
and maximum acceleration of 12.5 m/s2. In addition to the
reference trajectory (Reference), Fig. 10 also shows the actual
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Fig. 10. Y − Z plane TCP position estimation (experiment).

Fig. 11. TCP position RMS error comparisons in iteration domain.

Fig. 12. IMU acceleration RMS error comparisons in iteration domain.

trajectory (CG3D) measured by CompuGauge and the esti-
mated trajectory by proposed method (KKF-EM) or by motor
encoder measurements only (Motor). It is seen that the KKF-
EM estimation performs much better than the Motor setting
by capturing closer transient motion on the Y axis and with
much less offset on the Z-axis.

Figs. 11 and 12 show the iteration domain root-mean-
square (RMS) tracking error5 convergence profiles, while
Figs. 13 and 14 show the time domain error profiles of the
initial run and the last runs of these controller settings.

5The Cartesian space error here is defined as the Euclidean distance
between the estimated position/acceleration and the actual measured posi-
tion/acceleration.

Fig. 13. TCP position error comparisons in time domain (initial run versus
the 10th iteration of four controller settings).

Fig. 14. IMU acceleration error comparisons in time domain (initial run
versus the 10th iteration of four controller settings).

It can be seen that the RefILC(L) + TrqILC(L) setting
achieves the overall best performance in position tracking
(see TCP position error) and vibration reduction (see IMU
acceleration error), even though there is non-monotonic tran-
sient around the fifth and the sixth iterations in the position
error convergence due to the interference between the two
ILC stages. The RefILC(L) setting turns out to be unstable
in the iteration domain without the help of torque ILC to
reduce mismatched model uncertainty. This implies that the Q
filter bandwidth (i.e., learning ability) for the RefILC(L) setting
needs to be further compromised. The TrqILC(L) setting looks
monotonically convergent but with quite limited improvement
in error reductions (especially for moving periods), since the
torque ILC aims at model matching for the inner plant and
does not directly address the load side tracking error. The
RefILC(M) + TrqILC(M) setting does not perform well either,
since motor side model can only be used for motor side
learning, while the load side (end-effector) performance is not
guaranteed and may be even degraded due to the mismatched
dynamics.

VI. CONCLUSION

In this paper, a model-based dual-stage ILC scheme
was developed for a class of MIMO mismatched systems.
To improve the performance of the ILC stage aiming for
tracking error reduction, another ILC utilizing the idea of
model following was designed to drive the inner plant to
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behave like the nominal model. The convergence property
and performance bandwidth were emphasized. To make the
two ILC stages work together, an ad hoc hybrid scheme was
proposed to make transitions between the two ILC stages.
A single-joint indirect drive system with several inherent and
designed external disturbances was utilized to experimentally
validate the proposed ILC scheme. The proposed scheme
was also applied to multi-joint robots with joint elasticity.
The experimental validation on a six-joint industrial robot
has demonstrated the advantage of the hybrid dual-stage load
learning scheme to deal with the mismatched dynamics for
end-effector position tracking and vibration mitigation.
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